We present standard model predictions for a four fermion reaction e + e − → µ + µ
b being one of the best detection channels of a low mass Higgs boson produced through the Higgsstrahlung mechanism at a linear collider. We include leading virtual and real QED corrections to all the lowest order Feynman diagrams of e + e − → µ + µ −b b and the complete O(α) electroweak corrections to the Z-Higgs production and to the Z and Higgs boson decay widths in the double pole approximation.
INTRODUCTION
Although the Higgs boson has not yet been discovered, its mass m H can be constrained in the framework of the standard model (SM) by the virtual effects it has on precision electroweak (EW) observables. Recent global fits to all precision EW data [1] give a central value of m H = 114 +56 −40 GeV and an upper limit of 241 GeV, both at 95% CL, in agreement with combined results on the direct searches for the Higgs boson at LEP that lead to a lower limit of 114. 4 GeV at 95% CL [2] . These constraints indicate the mass range where the SM Higgs boson should be searched for. If the Higgs boson exists, it is most probably to be discovered at the Large Hadron Collider, but its properties can be best investigated in a clean experimental environment of e + e − collisions at a future International Linear Collider (ILC) [3] .
Main mechanisms of the SM Higgs boson production at the ILC are the Higgsstrahlung reaction
the W W fusion
and the ZZ fusion process
The Feynman diagrams of reactions (1), (2) and ( (1), (2) and (3), respectively.
The cross section of reaction (1) decreases according to the 1/s scaling law while that of reaction (2) grows as ln(s/m 2 H ). Hence, while the Higgsstrahlung dominates the Higgs boson production at low energies, the W W fusion process overtakes it at higher energies. The Higgs boson production rate through the ZZ fusion mechanism (3) is by an order of magnitude smaller than that of process (2) . The production of the SM Higgs boson in the intermediate mass range at high-energy e + e − colliders through reaction (1) was already thoroughly studied in the literature [4] . In the present paper, we contribute further to the theoretical analysis of the Higgsstrahlung reaction by taking into account decays of the Z and Higgs bosons, including the most relevant EW radiative effects both to the production and decay subprocesses. The preliminary results of the present study have been already presented in our conference paper [5] .
If the Higgs boson has mass in the lower part of the range indicated above, say m H < 140 GeV, it would decay dominantly into abb quark pair. As the Z boson of reaction (1) decays into a fermion-antifermion pair too, one actually observes the Higgsstrahlung through reactions with four fermions in the final state. To be more specific, in the following we will concentrate on a four fermion channel
one of the most relevant for detection of (1) at the ILC, and the corresponding bremsstrahlung reaction
Both in (4) and (5), the particle four momenta have been indicated in parentheses. While, reactions (4) and (5) are practically not detectable in hadronic collisions because of the overwhelming QCD background, at the ILC, they should leave a particularly clear signature in a detector. To the lowest order of the SM, in the unitary gauge and neglecting the Higgs boson coupling to the electron, reactions (4) and (5) In order to match the precision of data from a high luminosity linear collider, expected to be better than 1%, it is necessary to include radiative corrections in the SM predictions for reaction (4) . Calculation of the complete electroweak (EW) O(α) corrections to a four-fermion reaction like (4) is a challenging task. Problems encountered in the first attempt of such a complete calculation were described in [6] . A substantial progress in a full one-loop calculation for e + e − → udµ −ν µ was reported by the GRACE/1-LOOP team [7] and recently results of the first calculation of complete EW O(α) corrections to charged-current e + e − → 4 fermion processes has been presented [8] . At the moment, however, there is no complete calculation of the corrections to neutral-current e + e − → 4 fermion processes available that could be included into a Monte Carlo (MC) generator. Therefore it seems natural to include the leading QED corrections and to apply the double pole approximation (DPA) for the EW O(α) corrections, as it had been done before in [9] in the case of a W -pair production at LEP2. This means that we will include the so called factorizable EW corrections to a ZH production (1) and to subprocesses of the Z and Higgs decay, which can be taken over from literature. It should be stressed at this point, that the DPA approach is justified provided that appropriate cuts are imposed which will make the Higgsstrahlung signal diagram of Fig 2(a) the dominant contribution to the cross section of (4). Otherwise the signal-non-signal diagrams interference effects may spoil the precision of theoretical predictions, rather than to improve it.
To the lowest order of the SM, the cross sections of reactions (4) and (5) can be computed with a program ee4fg [10] . On the basis of ee4fg, we have written a dedicated program eezh4f that includes the following O(α) radiative corrections to (4):
• the leading virtual and real QED corrections to all the lowest order Feynman diagrams of (4), including the complete hard bremsstrahlung correction of (5);
• the complete O(α) EW corrections to the Z-Higgs production, i.e. to the on-shell reaction (1), [11] , [12] and to the Z [13], [14] and H [15] decay widths in the DPA.
No non-factorizable corrections to (4) have been included in eezh4f yet. Although, it can be proved that the non-factorizable corrections to Z-pair-mediated and ZH-mediated fourfermion final states cancel each other in the total cross section and in differential cross sections integrated over the decay angles [16] , they should be included in the program, if one wants to study more exclusive observables than, e.g., invariant-mass distributions.
SCHEME OF THE CALCULATION
The following contributions are taken into account in the radiatively corrected total cross section of (4)
In Eq. (6), dσ Born denotes the lowest order differential cross section of (4)
where M 4f
Born is the matrix element of reaction (4) obtained with the complete set of the lowest order Feynman diagrams, dΦ 4f is the Lorentz invariant four-particle phase space element and 4f is a shorthand notation for the final state of (4).
The second integrand on the right hand side of (6) can be written as
The correction factor C QED virt+soft,univ. of Eq. (8) combines the universal infrared (IR) singular part of the O(α) virtual correction to the on-shell ZH production process (1) and to the Z and Higgs boson decay widths with the soft bremsstrahlung correction to (4), integrated up to the soft photon energy cut E cut ,
where Q µ = −1 and Q b = −1/3 are electric charges in units of e. In Eq. (9), e is given in terms of the fine structure constant in the Thomson limit α 0 , e = (4πα 0 ) 1/2 , and function F (m, s, E cut ) that is given by
2 rather than on the decay particle four momenta p f and pf separately. It has been checked, both analytically and numerically, that the IR divergence in the limit m γ → 0 of the first two terms on the right hand side of Eq. (10), resulting from the O(α) virtual QED corrections, cancels against the corresponding divergence of the single photon soft bremsstrahlung integral, as it should according to the Bloch-Nordsieck theorem. In order to make this cancellation perfect, we have kept terms of O(m 2 /s) where necessary.
The third term on the right hand side of Eq. (6) represents the real hard photon correction to reaction (4), i.e. the lowest order cross section of reaction (5) with the photon energy cut E γ > E cut , which is calculated with the complete set of the tree level Feynman diagrams. 
where the lowest order matrix element M
DP A , the one-loop correction δM DP A an the reduced four-particle phase space element dΦ red 4f in the DPA are calculated with the projected four momenta k i , i = 3, ..., 6, of the final state particles. The projected four momenta are obtained from the four momenta p i , i = 3, ..., 6, of reaction (4) with a, to some extent arbitrary, projection procedure which will be defined later; C non−univ. QED denotes the IR finite non universal constant part of the O(α) QED correction that has not been taken into account in Eqs. (8) and (9) .
The matrix elements M (0) DP A and δM DP A for the Z and Higgs boson production and decay of Eq. (11) are given by
with denominators of the Z and Higgs boson propagators
and amplitudes of decay subprocesses given by
in the lowest order and
in the one-loop order.
Lowest order invariant amplitudes A
1 and A
2 of Eqs. (12) and (13) read
The vector and axial-vector couplings of the Z boson to leptons, a 1 , a 2 , the Higgs boson coupling to Z, g HZZ , and to a bottom-quark, g Hbb , in Eqs. (15) and (17) are given by
with the electric charge e W = (4πα W ) 1/2 and electroweak mixing angle θ W defined by
where m W and m Z are the physical masses of the W and Z boson. This choice, which is exactly equivalent to the G µ -scheme of [11] , is in the program referred to as the 'fixed width scheme' (FWS). We have introduced usual shorthand notation s W = sin θ W and c W = cos θ W in Eqs. (18) and (19) .
The invariant amplitudes of Eq. (13), which do not vanish in the limit m e → 0,
represent the IR finite parts of the EW one-loop correction to the on-shell Z-Higgs production process (1), except for the constant non-universal part of the QED correction C non−univ.
QED,e + e − →ZH = e 2 2π 2
that has been already included in a factor C non−univ. QED of Eq. (11). They are complex functions of s = (p 1 + p 2 ) 2 and cos θ, θ being the Higgs boson production angle with respect to the initial positron beam in the centre of mass system (CMS), which are computed with eezh4f, making use of the program worked out in [11] and FF 2.0, a package to evaluate one-loop integrals by G. J. van Oldenborgh [17] . Note that, in Eq. (13), we have changed a little the notation with respect to that of Eq. (2.5) of [11] .
The IR finite contributions to the EW one-loop form factors of the Zll-vertex δa 1 , δa 1 and form factor of the Hbb-vertex δg Hbb of Eq. (16) are also calculated numerically following references [14] and [15] .
As the computation of the one-loop electroweak amplitudes of Eq. (20) We end this section with a description of the projection procedure we have applied in the program. The projected momenta k Z and k i , of Eqs. (13), (15) and (16) are obtained from the four momenta p i , i = 3, ..., 6, of the final state fermions of reaction (4) with the following projection procedure.
First the on-shell momentum and energy of the Higgs and Z boson in the CMS are found
Denote four momenta p 5 and p 3 of reaction (4) 
Similarly one obtains k ′ 3 and k ′ 4 in the rest frame of the Z.
Four momenta k ′ i , i = 3, ..., 6, are then boosted back to the CMS giving the projected four momenta k i , i = 3, ..., 6 of µ + , µ − ,b and b that satisfy the necessary on-shell relations
The actual value of cos θ in Eq. (20) is given by cos θ = k 3 H /| k H |. The described projection procedure is not unique. As the Higgs boson width is small, the ambiguity between different possible projections is mainly related to the off-shellness of the Z boson and is of the order of αΓ Z /(πm Z ).
NUMERICAL RESULTS
In this section, we will present a sample of numerical results for reaction (4) which have been obtained with the current version of a program eezh4f. Computations have been performed in the FWS with the Z boson mass, Fermi coupling and fine structure constant in the Thomson limit as the initial SM EW physical parameters [18] :
The external particle masses of reaction (4) 
The total 'signal' cross section of (4) in the narrow width approximation, i.e. the cross section of (1) The Z-Higgs production signal can be extracted from reaction (4) by imposing cuts on the invariant masses of the µ + µ − and bb, or on the µ + µ − invariant mass alone. This is illustrated in Fig. 6 , where the SM lowest order total cross section of (4) 
SUMMARY AND OUTLOOK
We have presented the SM predictions for a four fermion reaction (4), which is one of the best detection channels of a low mass Higgs boson produced through the Higgsstrahlung mechanism at a linear collider. We have included leading virtual and real QED corrections to all the lowest order Feynman diagrams of reaction (4) , and the complete O(α) electroweak corrections to the Z-Higgs production and to the Z and Higgs boson decay widths in the double pole approximation. Moreover, we have illustrated how the Higgs boson production signal is visible in the CMS dependence of the total cross section of reaction (4) for low Higgs masses and how it almost disappears for the Higgs mass approaching the W -pair dacay threshold. We have also shown how the Z-Higgs production signal can be extracted from reaction (4) by imposing cuts on invariant masses of the µ + µ − and bb, or on the µ + µ − invariant mass alone.
Some further work is required in order to include the QCD interaction between the b and b quarks in the final state in a proper way, without which the absolute value of the ZHiggs production 'signal' in the cross section of reaction (4) is not meaningful. Although the non-factorizable corrections to reaction (4) cancel each other in the total cross section and in differential cross sections integrated over the decay angles [16] , as e.g. invariant-mass distributions, they should be included in the program, in order to properly take radiative corrections into account in the MC simulation. To avoid possible negative weight events which may occur in the simulation one should exponentiate the IR sensitive terms.
